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INDUCED QUOTIENT GROUP GRADINGS OF EPSILON-STRONGLY
GRADED RINGS
DANIEL LA¨NNSTRO¨M
Department of Mathematics and Natural Sciences, Blekinge Institute of Technology,
SE-37179 Karlskrona, Sweden
Abstract. Let G be a group and let S =
⊕
g∈G
Sg be a G-graded ring. Given a normal
subgroup N of G, there is a naturally induced G/N-grading of S. It is well-known that if
S is strongly G-graded, then the induced G/N-grading is strong for any N . The class of
epsilon-strongly graded rings was recently introduced by Nystedt, O¨inert and Pinedo as a
generalization of unital strongly graded rings. We give an example of an epsilon-strongly
graded partial skew group ring such that the induced quotient group grading is not epsilon-
strong. Moreover, we give necessary and sufficient conditions for the induced G/N-grading
of an epsilon-strongly G-graded ring to be epsilon-strong. Our method involves relating
different types of rings equipped with local units (s-unital rings, rings with sets of local
units, rings with enough idempotents) with generalized epsilon-strongly graded rings.
1. Introduction
Let G be an arbitrary group with neutral element e. Our rings will be associative but
not necessarily unital. Recall that a G-grading of a ring S is a family of additive subgroups
{Sg}g∈G of S such that (i) S =
⊕
g∈G Sg and (ii) SgSh ⊆ Sgh for all g, h ∈ G. If the stronger
condition SgSh = Sgh holds for all g, h ∈ G, then the G-grading is called strong. The Sg’s
are called homogeneous components. The principal component Se, i.e. the homogeneous
component corresponding to the neutral element e, is a subring of S. In general, there are
many different G-gradings of a fixed ring S. However, as is common in the literature, we will
write ‘S is a G-graded ring’ when we consider S together with some implicit G-grading.
We now recall the construction of the induced quotient grading. Let S =
⊕
g∈G Sg be a
G-graded ring and let N be a normal subgroup of G. There is a natural way to define a new,
induced G/N -grading of S. Let,
SC :=
⊕
g∈C
Sg, ∀C ∈ G/N.
It is straightforward to check that (i) S =
⊕
C∈G/N SC and (ii) SCSC′ ⊆ SCC′ for any
C,C ′ ∈ G/N . The G/N -grading {SC}C∈G/N of S is called the induced G/N -grading. Note
that the principal component of this G/N -grading is SeN = SN . It is well-known that the
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‘strongness’ of the grading is preserved under this construction: If the original G-grading
{Sg}g∈G is strong, then the induced G/N -grading {SC}C∈G/N is strong (cf. Proposition
2.1). This property is of particular importance for the theory of strongly group graded rings
initiated by Dade (see Section 2).
The class of epsilon-strongly G-graded rings was introduced by Nystedt, O¨inert and Pinedo
[16] as a generalization of unital strongly G-graded rings. A G-grading {Sg}g∈G of S is epsilon-
strong if any only if, for every g ∈ G, there is an element ǫg ∈ SgSg−1 such that for all s ∈ Sg
the equations ǫgs = s = sǫg−1 hold (see [16, Prop. 7]). In that case we say that S is epsilon-
strongly G-graded. It is natural to ask if ‘epsilon-strongness’ is preserved by the induced
quotient grading. This question was the starting point of this paper.
Question 1.1. If {Sg}g∈G is epsilon-strong, is then {SC}C∈G/N epsilon-strong?
We will give an example of an epsilon-strongly graded unital partial skew group ring such
that the induced quotient group grading is not epsilon-strong (Example 7.2). Our main result
is a characterization of when the induced quotient group grading is epsilon-strong in terms of
idempotents of the principal component (Theorem 1.2).
To be able to formulate our main theorem, we first need some notation. For any ring R,
let E(R) denote the set of idempotents of R. There is a partial order on E(R) defined by
a ≤ b ⇐⇒ a = ab = ba. Let ∨ and ∧ denote the least upper bound and greatest lower bound
with respect to this ordering. In the case where a, b ∈ E(R) commute, it can be proven that
a ∨ b = a + b − ab and a ∧ b = ab. For any set F ⊆ E(R), we write
∨
F for the ∨-closure of
F ; i.e. a, b ∈
∨
F =⇒ a ∨ b ∈
∨
F provided that the upper bound a ∨ b exists. Recall (see
[16, Prop. 5]) that if {Sg}g∈G is epsilon-strong, then the elements ǫg are central idempotents
of the principal component Se. Our main result reads as follows:
Theorem 1.2. Let S be an epsilon-strongly G-graded ring and let N be a subgroup of G. The
induced G/N -grading {SC}C∈G/N is epsilon-strong if and only if, for every C ∈ G/N , there
is some element χC ∈ E(SN ) such that f ≤ χC for all f ∈
∨
{ǫg | g ∈ C}.
Our method to prove Theorem 1.2 involves generalizations of epsilon-strongly graded rings,
which we call Nystedt-O¨inert-Pinedo graded rings (see Section 3). The first generalization is
the class of nearly epsilon-strongly G-graded rings introduced by Nystedt and O¨inert in [17]
(see also [14]). Inspired by their definition, we will introduce two additional families of graded
rings: essentially and virtually epsilon-strongly graded rings (see Definition 3.3). The proof of
Theorem 1.2 will amount to showing that any induced quotient group grading of an epsilon-
strongly graded ring is essentially epsilon-strong (Theorem 5.15).
This paper will hopefully be the beginning of a larger effort to develop a theory of epsilon-
strongly graded rings similar to the theory of strongly graded rings (cf. Section 2). Seemingly
unrelated to the present investigation, the induced quotient group grading construction has
been studied independently in [10] and [18].
Below is an outline of the rest of this paper:
In Section 2, we give some additional background and a precise formulation of the problems
considered in this paper.
In Section 3, we define and prove some basic results about Nystedt-O¨inert-Pinedo graded
rings. In particular, we prove that only unital rings admit epsilon-strong gradings (Proposition
3.8).
In Section 4, we prove that Leavitt path algebras are virtually epsilon-strongly G-graded
(Proposition 4.3). This class will be an important source of examples.
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In Section 5, we investigate the induced quotient group gradings of Nystedt-O¨inert-Pinedo
graded rings. We prove that the induced G/N -grading of a nearly epsilon-strongly G-graded
ring is also nearly epsilon-strong (Proposition 5.8). Under certain assumptions, the same
conclusion also holds for essentially epsilon-strongly graded rings (Corollary 5.11) and vir-
tually epsilon-strongly graded rings (Proposition 5.13). As a special case, we get that the
induced G/N -grading of a Leavitt path algebra is also virtually epsilon-strong (Corollary
5.14). Finally, we establish our main results: Theorem 5.15 and Theorem 1.2.
In Section 6, we introduce a special type of epsilon-strong G-gradings called epsilon-finite
gradings. This class has the property that for any normal subgroupN of G, the induced G/N -
grading is epsilon-finite (Proposition 6.3). Moreover, one-sided noetherianity of the principal
component Se is a sufficient condition for S to be epsilon-strongly G-graded (Theorem 6.5).
In Section 7, we give an example of an epsilon-strongly Z-graded ring such that the induced
Z/2Z-grading is not epsilon-strong (Example 7.2).
In Section 8, we consider induced quotient group gradings of epsilon-crossed products (see
Section 2.2). We give sufficient conditions for the induced G/N -grading of a unital partial
skew group ring to give an epsilon-crossed product (Proposition 8.3).
2. The induced quotient group grading functor
Broadly speaking, we aim to investigate how the theory of strongly group graded rings
relates to epsilon-strongly graded ring. The systematic study of strongly group graded rings
began with Dade’s seminal paper [6]. In that paper, he took a functorial approach and studied
certain functors defined on the categories of strongly group graded rings and modules. Most
notable is the celebrated Dade’s Theorem, which asserts that a G-graded ring S is strongly
graded if and only if the category of graded modules over S is equivalent to the category of
modules over Se. The following introductory example from [6] shows the relation to classical
Clifford theory. Let G be an arbitrary group and recall that the complex group ring C[G] =⊕
g∈GCδg is strongly G-graded. Furthermore, let N be a normal subgroup of G. The induced
quotient group grading C[G] =
⊕
C∈G/N SC is strong. Note that SN =
⊕
g∈N Cδg = C[N ].
By Dade’s Theorem, there is an equivalence of categories between graded C[G]-modules and
C[N ]-modules. This example motivates us to take a functorial approach and to study the
induced quotient group gradings of epsilon-strongly graded rings.
In the remainder of this section, we will introduce further notation to precisely formulate
the problems considered in this paper.
2.1. Category of epsilon-strongly graded rings. Let G-RING denote the category of
rings equipped with aG-grading. More precisely, the objects ofG-RING are pairs (S, {Sg}g∈G)
where S is a ring and {Sg}g∈G is a G-grading of S. The morphisms are ring homomorphisms
that respect the gradings. To make this more precise, let (S, {Sg}g∈G) and (T, {Tg}g∈G) be
objects in G-RING. The ring homomorphism φ : S → T is called G-graded if φ(Sg) ⊆ Tg
for each g ∈ G. The class hom((S, {Sg}g∈G), (T, {Tg}g∈G)) consists of the G-graded ring
homomorphisms S → T . By the definition of G-RING, it is straightforward to see that the
category of strongly G-graded rings, which we denote by G-STRG, is a full subcategory of
G-RING. We will later work with other subclasses of G-gradings, which similarly corresponds
to full subcategories of G-RING.
Next, we recall (see e.g. [13, pg. 3]) the definition of the induced quotient grading functor.
With the notation above, let N be a normal subgroup of G and let {SC}C∈G/N , {TC}C∈G/N be
the inducedG/N -gradings of S and T respectively. If φ : S → T is aG-graded homomorphism,
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then φ(SC) ⊆ TC for each C ∈ G/N . Hence, φ : S → T is G/N -graded with respect to the
induced G/N -gradings. This implies that the induced quotient group grading construction
defines a functor,
UG/N : G-RING→ G/N -RING,
(S, {Sg}g∈G) 7→ (S, {SC}C∈G/N ),
hom((S, {Sg}g∈G), (T, {Tg}g∈G)) ∋ φ 7→ φ ∈ hom((S, {SC}C∈G/N ), (T, {TC}C∈G/N )).
It is well-known that ‘strongness’ is preserved by the induced quotient group grading:
Proposition 2.1. (cf. [13, Prop. 1.2.2]) Let G be an arbitrary group and let N be any normal
subgroup of G. The functor UG/N restricts to the subcategory G-STRG. In other words, the
functor,
UG/N : G-STRG→ G/N -STRG,
is well-defined.
We denote the category of epsilon-strongly G-graded rings by G-ǫSTRG. The objects
of this category are epsilon-strongly G-graded rings and the morphisms are G-graded ring
homomorphisms. The basic problem of this paper (cf. Question 1.1) can be reformulated as:
Question 2.2. For which objects (S, {Sg}g∈G) ∈ ob(G-ǫSTRG) do we have that,
UG/N ((S, {Sg}g∈G)) = (S, {SC}C∈G/N ) ∈ ob(G/N -ǫSTRG)? (1)
In particular, is the restriction of UG/N to G-ǫSTRG well-defined?
We will give an example of an epsilon-strongly G-graded ring such that (1) does not hold
(Example 7.2). In other words, the functor UG/N does not restrict to G-ǫSTRG. Note
that Theorem 1.2 provides a complete answer to Question 2.2, i.e. a characterization of
(S, {Sg}g∈G) ∈ ob(G-ǫSTRG) such that (1) holds.
2.2. Epsilon-crossed products. Let S be a strongly G-graded ring. Recall (see e.g. [13,
pg. 2]) that S is called an algebraic crossed product if Sg contains an invertible element for
each g ∈ G. The class of epsilon-crossed products was introduced by Nystedt, O¨inert and
Pinedo in [16] as an ‘epsilon-analogue’ of the classical algebraic crossed products. Let G be
an arbitrary group and let S be an arbitrary epsilon-strongly G-graded ring. In other words,
take an arbitrary object (S, {Sg}g∈G) ∈ ob(G-ǫSTRG). Recall (see [16, Def. 30]) that an
element s ∈ Sg is called epsilon-invertible if there exists some element t ∈ Sg−1 such that
st = ǫg and ts = ǫg−1 . Furthermore, recall (see [16, Def. 32]) that (S, {Sg}g∈G) is called
an epsilon-crossed product if there is an epsilon-invertible element in Sg for all g ∈ G. Let
G-ǫCROSS denote the category of epsilon-crossed products. The morphisms are G-graded
ring homomorphisms. It is straightforward to show that G-ǫCROSS is a full subcategory of
G-ǫSTRG.
For an algebraic crossed-product, the induced quotient group grading gives an algebraic
crossed product (see e.g. [13, Prop. 1.2.2]). It is natural to ask when the induced quo-
tient grading of an epsilon-crossed product gives an epsilon-crossed product. This is better
formulated in terms of the functor UG/N :
Question 2.3. For which objects (S, {Sg}g∈G) ∈ ob(G-ǫCROSS) do we have that,
UG/N ((S, {Sg}g∈G) = (S, {SC}C∈G/N ) ∈ ob(G/N -ǫCROSS)?
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The author has not been able to answer Question 2.3 in full generality. However, in
Section 7, we will provide examples of epsilon-crossed products (S, {Sg}g∈G) ∈ ob(G-ǫCROSS)
such that (S, {SC}C∈G/N ) ∈ ob(G/N -ǫCROSS) and examples such that (S, {SC}C∈G/N ) 6∈
ob(G/N -ǫCROSS).
3. Nystedt-O¨inert-Pinedo graded rings
The purpose of this section is to introduce two new generalizations of epsilon-strongly
graded rings. To this end, we recall several different ways in which a non-unital ring might
have approximate multiplicative identity elements (also known as local units). We refer the
reader to [15] for a detailed survey of these definitions. A ring R has a set of local units E if E
is a ∨-closed subset of E(R) consisting of commuting idempotents such that for every r ∈ R
there exists some f ∈ E such that fr = rf = r (cf. [3] and [15, Def. 21]). A ring R is said to
have enough idempotents if there is a set F of pairwise orthogonal, commuting idempotents
such that
∨
F is a set of local units for R (cf. e.g. [15, Def. 27]). Finally, recall that a ring
R is called s-unital if x ∈ xR ∩Rx for each x ∈ R. This is equivalent to that there, for every
positive integer n and elements s1, s2, . . . , sn ∈ R, exists some f ∈ R satisfying fsi = sif = si
for all 1 ≤ i ≤ n (see [20, Thm. 1]). These definitions relate to each other in the following
way.
Proposition 3.1. ([15]) The following strict inclusions hold between the classes of rings.
{unital rings} ( {rings with enough idempotents}
( {rings with sets of local units}
( {s-unital rings}.
Before defining Nystedt-O¨inert-Pinedo graded rings, we recall the following:
Definition 3.2. ([5, Def. 4.5]) A G-graded ring S is called symmetrically graded if,
SgSg−1Sg = Sg, ∀g ∈ G.
Consider a G-graded ring S =
⊕
g∈G Sg where the principal component is Se. Note that
SgSg−1 ⊆ Se is an Se-ideal for each g ∈ G. The classes of Nystedt-O¨inert-Pinedo graded rings
correspond to symmetrically G-graded rings with local unit properties on the rings SgSg−1
according to the following:
class SgSg−1
epsilon-strongly (see [16]) unital ring
virtually epsilon-strongly ring with enough idempotents
essentially epsilon-strongly ring with sets of local units
nearly epsilon-strongly (see [17]) s-unital ring
Figure 1. Nystedt-O¨inert-Pinedo classes of graded rings
We also explicitly write down these crucial definitions.
Definition 3.3. Let S =
⊕
g∈G Sg be a symmetrically G-graded ring.
(a) If SgSg−1 is a unital ring for each g ∈ G, then S is called epsilon-strongly graded (cf. [16,
Prop. 7]).
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(b) If SgSg−1 is a ring with enough idempotents for each g ∈ G, then S is called virtually
epsilon-strongly graded.
(c) If SgSg−1 is a ring with a set of local units for each g ∈ G, then S is called essentially
epsilon-strongly graded.
(d) If SgSg−1 is an s-unital ring for each g ∈ G, then S is called nearly epsilon-strongly graded
(cf. [17, Prop. 10]).
The notion of an essentially epsilon-strong grading will be central to our study of the in-
duced quotient group gradings of epsilon-strongly graded rings (see Theorem 5.15). Moreover,
virtually epsilon-strong gradings relate to Leavitt path algebras (see Proposition 4.3).
Remark 3.4. We make some remarks concerning Definition 3.3.
(a) By Proposition 3.1, we have the following strict inclusions between the classes of Nystedt-
O¨inert-Pinedo graded rings:
{epsilon-strongly graded rings} ( {virtually epsilon-strongly graded rings}
( {essentially epsilon-strongly graded rings}
( {nearly epsilon-strongly graded rings}.
(b) Let R be a ring that has a set of local unit but does not have enough idempotents (see [15,
Expl. 28]). Then R is graded by the trivial group by putting Se := R. Note that RR = R
is a ring with a set of local units. Hence, R is trivially essentially epsilon-strongly graded.
However, since R does not have enough idempotents, this grading cannot be virtually
epsilon-strong. In fact, this is our only example distinguishing essentially epsilon-strong
gradings from virtually epsilon-strong gradings (see Remark 5.16).
We recall the following characterization, which will be used implicitly in the rest of this
paper. Note that Proposition 3.5(a) implies that the definition of epsilon-strong given in the
introduction is equivalent to Definition 3.3(a).
Proposition 3.5. ([17, Prop. 7, Prop. 10]) Let S =
⊕
g∈G Sg be a G-graded ring. The
following assertions hold:
(a) S is epsilon-strongly graded if and only if, for each g ∈ G, there exist ǫg ∈ SgSg−1 and
ǫg−1 ∈ Sg−1Sg such that ǫgs = s = sǫg−1 for every s ∈ Sg;
(b) S is nearly epsilon-strongly graded if and only if, for each g ∈ G and s ∈ Sg, there exist
ǫg(s) ∈ SgSg−1 and ǫ
′
g(s) ∈ Sg−1Sg such that ǫg(s)s = s = sǫ
′
g(s).
For unital rings, the class of strongly graded rings is a subclass of epsilon-strongly graded
rings. However, for general non-unital rings, this is not the case.
Proposition 3.6. A unital strongly G-graded ring S =
⊕
g∈G Sg is epsilon-strongly G-graded.
Proof. Note that SgSg−1 = Se is a unital ring for every g ∈ G. 
Example 3.7. (Example of a strongly graded ring that is not epsilon-strongly graded)
Let R be an idempotent ring without multiplicative identity and consider R graded by
the trivial group by putting Se := R. Since SeSe = RR = R = Se, the grading is strong.
On the other hand, SeSe = R is not unital. Hence, by definition, the grading cannot be
epsilon-strong.
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In fact, it turns out that every epsilon-strongly G-graded ring is unital. For this purpose, we
recall that if R is a ring with a left multiplicative identity element ǫ and a right multiplicative
identity element ǫ′, then ǫ = ǫ′ is a multiplicative identity element of R.
Proposition 3.8. If S is an epsilon-strongly G-graded ring, then S is unital with multiplica-
tive identity element ǫe. In that case, Se is a unital subring of S.
Proof. Let R denote the principal component of S. By Proposition 3.5, there are two, a priori
distinct, elements ǫe, ǫ
′
e ∈ S
2
e ⊆ R such that ǫer = r = rǫ
′
e for any r ∈ R. This means that
ǫe = ǫ
′
e is a multiplicative identity element of R. Take an arbitrary element g ∈ G. There are
ǫg ∈ SgSg−1 ⊆ R and ǫ
′
g ∈ Sg−1Sg ⊆ R such that ǫgsg = sg = sgǫ
′
g for all sg ∈ Sg. Fix an
arbitrary sg ∈ Sg. Then,
ǫesg = ǫe(ǫgsg) = (ǫeǫg)sg = ǫgsg = sg,
and similarly, sgǫe = sg. Since a general element s ∈ S is a finite sum s =
∑
sg of elements
sg ∈ Sg, it follows that ǫe is a multiplicative identity element of S. 
Remark 3.9. Note that by Proposition 3.8, only unital rings admit an epsilon-strong grading.
However, there are a lot of virtually epsilon-strongly graded rings which are not unital. In
the next section we will give an example of such a ring (Example 4.5).
For the remainder of this section, we briefly consider gradings of the factor ring S/I. If S
is G-graded, then S/I inherits a G-grading for certain ideals I. More precisely, let G be an
arbitrary group and let S =
⊕
g∈G Sg be a G-graded ring. Recall that an ideal I of S is called
homogeneous (or graded) if I =
⊕
g∈G(I ∩ Sg). If I is a homogeneous ideal, then the factor
ring is naturally G-graded by,
S/I =
⊕
g∈G
Sg/(I ∩ Sg) =
⊕
g∈G
(Sg + I)/I. (2)
We will show that if S is epsilon-strongly G-graded, then S/I is epsilon-strongly G-graded.
Lemma 3.10. Let φ : A → B be a G-graded epimorphism of G-graded rings A and B. If A
is epsilon-strongly G-graded, then B is epsilon-strongly G-graded.
Proof. Suppose A =
⊕
g∈GAg and B =
⊕
g∈GBg. For every g ∈ G, let ǫg be the multiplica-
tive identity element of AgAg−1 . Using that A is epsilon-strongly G-graded, we have that
AgAg−1Ag = Ag and AgAg−1 = ǫgAe for every g ∈ G. Since φ is a G-graded epimorphism, we
have that φ(Ag) = Bg for every g ∈ G. Applying φ to both equations we get BgBg−1Bg = Bg
and BgBg−1 = φ(ǫg)Be for every g ∈ G. Hence, B is epsilon-strongly G-graded. 
Proposition 3.11. Let S be an epsilon-strongly G-graded ring. If I is a homogeneous ideal
of S, then the natural G-grading of S/I is epsilon-strong.
Proof. Follows by Lemma 3.10 since the natural epimorphism π : S → S/I is G-graded. 
4. Leavitt path algebras
In this section, we will show that the Leavitt path algebra associated to any directed graph is
virtually epsilon-strongly graded. Let R be an arbitrary unital ring and let E = (E0, E1, s, r)
be a directed graph. Here, E0 denotes the vertex set, E1 denotes the set of edges and the
maps s : E1 → E0, r : E1 → E0 specify the source and the range, respectively, of each edge
f ∈ E1. The Leavitt path algebra LR(E) of E with coefficients in R is an algebraic analogue
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of the graph C∗-algebra associated to E. For more details about Leavitt path algebras, we
refer the reader to the monograph by Abrams, Ara, and Siles Molina [1]. In the case of R
being a field, Leavitt path algebras were first considered by Ara, Moreno and Pardo [4] and
Abrams and Aranda Pino in [2]. Later, Tomforde [19] considered Leavitt path algebras with
coefficients in a commutative ring. We follow Hazrat [9] and let R be a general (possibly
non-commutative) unital ring.
Definition 4.1. For a directed graph E = (E0, E1, s, r) and a unital ring R, the Leavitt path
algebra with coefficients in R is the R-algebra LR(E) generated by the symbols {v | v ∈ E
0},
{f | f ∈ E1} and {f∗ | f ∈ E1} subject to the following relations:
(a) uv = δu,vu for all u, v ∈ E
0,
(b) s(f)f = fr(f) = f and r(f)f∗ = f∗s(f) = f∗ for all f ∈ E1,
(c) f∗f ′ = δf,f ′r(f) for all f, f
′ ∈ E1,
(d)
∑
f∈E1,s(f)=v ff
∗ = v for all v ∈ E0 for which s−1(v) is non-empty and finite.
We let R commute with the generators.
A path is a sequence of edges α = f1f2 . . . fn such that r(fi) = s(fi+1) for 1 ≤ i ≤ n−1. We
write s(α) = s(f1) and r(α) = r(fn). Using the relations in Definition 4.1, it can be shown
that a general element of LR(E) has the form of a finite sum
∑
riαiβ
∗
i where ri ∈ R, αi and
βi are paths such that r(αi) = s(β
∗
i ) = r(βi) for every i. There is an anti-graded involution
on LR(E) defined by f 7→ f
∗ for every f ∈ E1. The image of a path α = f1f2 . . . fn under
the involution is α∗ = f∗nf
∗
n−1 . . . f
∗
1 . Note that for any elements α, β ∈ LR(E) we have that
(αβ)∗ = β∗α∗.
Next, we recall (see e.g. [17, Sect. 4]) a process to assign a G-grading to LR(E) for an
arbitrary group G. Let FR(E) = R〈v, f, f
∗ | v ∈ E0, f ∈ E1〉 denote the free R-algebra
generated by all symbols of the form v, f, f∗. Put deg(v) = e for each v ∈ E0. For every
f ∈ E1, choose a g ∈ G and put deg(f) = g and deg(f∗) = g−1 This extends to a G-grading
of FR(E) in the obvious way. Next, let J be the ideal generated by the relations (a)-(d)
in Definition 4.1. It is easy to check that J is homogeneous and thus the factor algebra
LR(E) = FR(E)/J is G-graded by the factor G-grading (see (2)). This G-grading is called a
standard G-grading of G. Note that this construction depends on which elements g ∈ G we
assign to the generators. In the special case of G = Z, the natural choice is to put deg(f) = 1
and deg(f∗) = −1 for all f ∈ E1. In this special case, deg(α) = len(α) for any real path
α. The resulting grading is called the canonical Z-grading of LR(E). For a general standard
G-grading, the homogeneous component of degree h ∈ G can be expressed as,
(LR(E))h = SpanR{αβ
∗ | deg(α)deg(β)−1 = h, r(α) = r(β)}.
The canonical Z-grading was investigated by Hazrat [9]. Among other results, he gave a
criterion on the finite graph E for the Leavitt path algebra LR(E) to be strongly Z-graded
(see [9, Thm. 3.11]). Continuing the investigation of the group graded structure of Leavitt
path algebras, Nystedt and O¨inert introduced the class of nearly epsilon-strongly graded rings
and proved the following.
Proposition 4.2. ([17, Thm. 28]) Let G be an arbitrary group, let R be a unital ring and let
E be a directed graph. Then any standard G-grading of LR(E) is nearly epsilon-strong. Note
that, in particular, LR(E) is symmetrically G-graded.
Having introduced the notion of virtually epsilon-strongly graded rings, the author of the
present paper realized that Proposition 4.2 could be made more precise. We recall that LR(E)
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is a ring with enough idempotents (see e.g. [1, Lem. 1.2.12(v)]). In line with this property,
it turns out that any standard G-grading of LR(E) is virtually epsilon-strong.
Proposition 4.3. Let G be an arbitrary group. If R is a unital ring and E is any graph,
then every standard G-grading of LR(E) is virtually epsilon-strong.
Proof. To save space we denote (LR(E))g by Sg. Since the standard G-grading is symmetric
by Proposition 4.2, it is enough to show that SgSg−1 is a ring with enough idempotents for
each g ∈ G.
Take g ∈ G. We will show that SgSg−1 has enough idempotents by constructing a set M
of pairwise orthogonal, commuting idempotents of SgSg−1 such that Eg =
∨
M is a set of
local units for SgSg−1 . Let A = {α | αβ
∗ ∈ SgSg−1} and define a partial order of A by letting
α ≤ β if and only if α is an initial subpath of β. Next, let,
M = {αα∗ | α minimal in (A,≤)}.
By construction, if αα∗ ∈ M there exists some β such that αβ∗ ∈ SgSg−1 . Then, βα
∗ ∈
Sg−1Sg. Hence, αα
∗ = (αβ∗)(βα∗) ∈ (SgSg−1)(Sg−1Sg) ⊆ (SgSg−1)Se = SgSg−1 . Thus,
M ⊆ SgSg−1 .
Recall (see [1, Lem. 1.2.12]) that the following equation holds for any paths γ, δ, λ, ρ:
(γδ∗)(λρ∗) =


γκρ∗ if λ = δκ for some path κ
γσ∗ρ∗ if δ = λσ for some path σ
0 otherwise
(3)
In particular, for any paths α, β:
(αα∗)(ββ∗) = (ββ∗)(αα∗) =


αα∗ α = β
ββ∗ α ≤ β
αα∗ β ≤ α
0 otherwise
(4)
It follows from (4) that the set M consists of pairwise orthogonal, commuting idempotents.
Note that for each αβ∗ ∈ SgSg−1 there exists a unique element δδ
∗ ∈ M such that δ ≤ α.
Hence, we can define a function by µ(αβ∗) = δδ∗. Since α = δδ′ for some path δ′, it follows
by (3) that µ(αβ∗)αβ∗ = (δδ∗)(αβ∗) = δδ′β∗ = αβ∗ for any αβ∗ ∈ SgSg−1 . On the other
hand, let α1β
∗
1 , α2β
∗
2 ∈ SgSg−1 such that,
δ1δ
∗
1 = µ(α1β
∗
1) 6= µ(α2β
∗
2) = δ2δ
∗
2 , (5)
for some paths δ1, δ2 satisfying δ1 ≤ α1 and δ2 ≤ α2. Note that δ1  α2 and δ2 6≤ α1
as otherwise (5) would not hold. Moreover, it follows by (5) and the definition of M that
α2  δ1 and α1 6≤ δ2. Thus, by (3), we have that µ(α1β∗1)α2β
∗
2 = (δ1δ
∗
1)(α2β
∗
2) = 0 and
similarly µ(α2β
∗
2)α1β
∗
1 = (δ2δ
∗
2)(α1β
∗
1) = 0.
Consider an arbitrary s =
∑
i∈I riαiβ
∗
i ∈ SgSg−1 for some finite index set I. Let J ⊆ I the
subset of elements αiβ
∗
i with unique images under the map µ, i.e. for all i ∈ I there is some
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j ∈ J such that µ(αiβ
∗
i ) = µ(αjβ
∗
j ). Put e =
∨
j∈J µ(αjβ
∗
j ) =
∑
j∈J µ(αjβ
∗
j ). Then,
es =
(∑
j∈J
µ(αiβ
∗
i )
)(∑
i∈I
riαiβ
∗
i
)
=
∑
i∈I,j∈J
µ(αjβ
∗
j )riαiβ
∗
i
=
∑
i∈I
µ(αiβ
∗
i )riαiβ
∗
i =
∑
i∈I
riµ(αiβ
∗
i )αiβ
∗
i =
∑
i∈I
riαiβ
∗
i = s.
Note that s∗ =
∑
i∈I(αiβ
∗
i )
∗ =
∑
i∈I βiα
∗
i ∈ SgSg−1 . Hence, by the above argument there
exists some element f ∈
∨
M ⊆ SgSg−1 such that fs
∗ = s∗. But by construction f =
∑
αα∗
for some finite sum, implying that f∗ =
∑
(αα∗)∗ =
∑
αα∗ = f . Thus, s = (s∗)∗ = (fs∗)∗ =
(s∗)∗f∗ = sf∗ = sf .
Finally, note that e ∨ f ∈
∨
M and (e ∨ f)s = s(e ∨ f) = s. Hence, Eg =
∨
M is a set of
local units for SgSg−1 . 
We end this section with two examples that distinguish the class of virtually epsilon-strongly
graded rings from strongly graded rings and epsilon-strongly graded rings.
Example 4.4. (Virtually epsilon-strongly graded but not strongly graded) Let R be a unital
ring and let E be the finite graph in Figure 2. Note that LR(E) is not strongly Z-graded
since v2 is a sink (see [9, Thm. 3.15]). However, LR(E) is epsilon-strongly Z-graded since
E is finite (see [17, Thm. 24]). Recall that epsilon-strongly graded implies virtually epsilon-
strongly graded (see Remark 3.4(a)). Thus, LR(E) is virtually epsilon-strongly Z-graded but
not strongly Z-graded.
v1 v2
Figure 2. Finite graph with a sink
Example 4.5. (Virtually epsilon-strongly graded but not epsilon-strongly graded) Let R
be a unital ring and let E be a graph consisting of infinitely many disjoint vertices, i.e.
E0 = {vn | n ≥ 0} and E
1 = ∅ (see Figure 3). Consider LR(E) with the canonical Z-grading.
Since E0 is infinite, (LR(E))0 does not admit a multiplicative identity element. Hence, by
Proposition 3.8, LR(E) cannot be epsilon-strongly graded. Furthermore, for any integer k
such that |k| > 0, (LR(E))k = {0}. Hence, (LR(E))k(LR(E))−k = {0} 6= (LR(E))0 for
|k| > 0 implying that LR(E) is not strongly Z-graded. On the other hand, LR(E) is virtually
epsilon-strongly Z-graded by Proposition 4.3.
v1 v2 v3 v4 v5 v6 v7 ...
Figure 3. Discrete infinite graph
5. Induced quotient group gradings of Nystedt-O¨inert-Pinedo rings
In this section, we will derive our main results about the induced quotient group gradings of
epsilon-strongly graded rings (see Theorem 5.15 and Theorem 1.2). This involves a systematic
study of induced quotient group gradings of Nystedt-O¨inert-Pinedo rings. Recall that for
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idempotents e, f ∈ E(R) we write e ≤ f if and only if e = ef = fe, i.e. e absorbs f . We
will think about e ≤ f as expressing that f can be used as a “local unit” in place of e. More
precisely, we have the following.
Lemma 5.1. Let e, f ∈ E(R) be idempotents of R. Then, e ≤ f is equivalent to the following:
For any x ∈ R,
(a) x = ex =⇒ x = fx, and,
(b) x = xe =⇒ x = xf .
Proposition 5.2. Let R be a ring and let E be a set of local units for R. Then R is a unital
ring if and only if there exists some e′ ∈ E(R) such that e ≤ e′ for all e ∈ E. If such an
element exists, then it is the multiplicative identity element of R.
Proof. Assume that e′ ∈ E(R) satisfies e ≤ e′ for all e ∈ E. Let x ∈ R be any element. Then,
there is some ex ∈ E such that x = exx = xex. But by assumption, ex ≤ e
′. By Lemma 5.1,
x = e′x = xe′. Hence e′ is the multiplicative identity element of R.
Conversely, assume that R is unital with multiplicative identity 1. Then, e ≤ 1 for all
e ∈ E. 
Example 5.3. Consider R1 :=
⊕
ZQ and R2 :=
∏
ZQ. For i ∈ Z, let δi : Z → Q be the
function such that for each integer j, δi(j) = δi,j where δi,j is the Kronecker delta. Since δi
has finite support, δi ∈ R1 ⊂ R2 for each i ∈ Z. It is easy to see that the set E =
∨
{δi | i ∈ Z}
is a set of local units for both R1 and R2. Note that R2 is unital with multiplicative identity
1R2 =
∨
i∈Z δi while R1 is not unital.
The following characterization becomes very useful when E is a finite set.
Corollary 5.4. Let R be a ring with a set of local units E. If E is a finite set, then (E,≤)
has a greatest element and thus R is a unital ring.
Proof. Assume that e1, . . . , en are the elements of E. Then e1 ∨ · · · ∨ en ∈ E exists since it is
a finite join. Furthermore, e1 ∨ · · · ∨ en ∈ R is the greatest element of E with respect to the
ordering ≤. Thus, R is unital by Proposition 5.2. 
Before considering induced quotient group gradings of Nystedt-O¨inert-Pinedo rings, we
show that the functor UG/N restricts to the category of symmetrically G-graded rings.
Proposition 5.5. Let G be an arbitrary group and let N be a normal subgroup of G. If S is
symmetrically G-graded, then the induced G/N -grading is symmetric.
Proof. We need to show that for any class C ∈ G/N , we have that SCSC−1SC = SC . The
inclusion SCSC−1SC ⊆ SCC−1C = SC holds for any C ∈ G/N . Let [g] = gN ∈ G/N
denote the coset of g ∈ G. It remains to prove that S[g] ⊆ S[g]S[g]−1S[g] for all g ∈ G. But
S[g] =
⊕
n∈N Sgn, hence it is enough to show Sgn ⊆ S[g]S[g]−1S[g] for all n ∈ N and g ∈ G.
But, since S is symmetrically G-graded, it holds that Sgn ⊆ SgnS(gn)−1Sgn. Furthermore,
(gn)−1 = n−1g−1 = g−1n′ for some n′ ∈ N since N is normal. Thus, Sgn ⊆ S[g]S[g]−1S[g]. 
Note that Proposition 5.5 implies that the induced quotient group grading of any Nystedt-
O¨inert-Pinedo ring is symmetric. Hence, we will focus on deciding which of the local unit
properties of Definition 3.3 are preserved.
Before considering nearly epsilon-strongly graded rings, we recall the following useful but
somewhat obscure result. For the convenience of the reader, we include a proof.
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Lemma 5.6. ([20, Thm. 1]) Let T be a ring and let M be a left (right) T -module. Take a
finite subset X ⊆M and assume that for each x ∈ X there is some ex ∈ T such that exx = x
(xex = x). Then, there is some e ∈ T such that ex = x (xe = x) for all x ∈ X.
Proof. We only prove the left case as the right case is treated analogously. The proof goes by
induction on the size of the set X = {x1, x2, . . . , xn}.
The base case n = 1 is clear.
Assume that the lemma holds for n = k for some k > 0 and consider the subset,
{x1, x2, . . . xk, xk+1} ⊆ X.
Then, for all 1 ≤ i ≤ k + 1, there is some ei ∈ T such that eixi = xi. For 1 ≤ i ≤ k, let
vi = xi − ek+1xi. By the induction hypothesis, there is some e
′ ∈ T such that e′vi = vi for
1 ≤ i ≤ k. Put e = e′ + ek+1 − e
′ek+1. It is clear that e ∈ T . Moreover,
exk+1 = e
′xk+1 + ek+1xk+1 − e
′ek+1xk+1 = e
′xk+1 + xk+1 − e
′xk+1 = xk+1,
and, for 1 ≤ i ≤ k,
exi = e
′xi + ek+1xi − e
′ek+1xi = e
′(xi − ek+1xi) + ek+1xi = e
′vi + ek+1xi
= vi + ek+1xi = xi.
Hence, the lemma follows by the induction principle. 
Throughout the rest of this section, let N be a normal subgroup of G and let S =
⊕
g∈G Sg
be a nearly epsilon-strongly G-graded ring.
Lemma 5.7. Consider a fixed class C ∈ G/N . For any positive integer n and elements
sg1 , sg2 , . . . , sgn such that sgi ∈ Sgi and gi ∈ C for 1 ≤ i ≤ n, there exists some e ∈ SCSC−1
(e′ ∈ SC−1SC) such that esgi = sgi (sgie
′ = sgi) for all 1 ≤ i ≤ n.
Proof. We only prove the left case as the right case is treated analogously. Let T = SCSC−1 ,
M = SC and X = {sg1 , sg2 , . . . , sgn}. Take an arbitrary integer 1 ≤ i ≤ n. Since S is nearly
epsilon-strongly graded, there is some e ∈ SgiS(gi)−1 ⊆ T such that esgi = sgi. The statement
now follows from Lemma 5.6. 
We can now prove that the functor UG/N restricts to the category of nearly epsilon-strongly
G-graded rings.
Proposition 5.8. Let G be an arbitrary group and let N be a normal subgroup of G. If
S =
⊕
g∈G Sg is a nearly epsilon-strongly G-graded ring, then the induced G/N -grading is
nearly epsilon-strong.
Proof. Take an arbitrary C ∈ G/N and s ∈ SC . We need to show that there exist some
ǫC(s) ∈ SCSC−1 and ǫC(s)
′ ∈ SC−1SC such that ǫC(s)s = sǫC(s)
′ = s. Note that s can be
written as s = sg1 + sg2 + · · · + sgn for some positive integer n and elements sgi ∈ Sgi such
that gi ∈ C for all 1 ≤ i ≤ n. Hence, by Lemma 5.7, there exist e ∈ SCSC−1 and e
′ ∈ SC−1SC
(depending on C and s) such that es = se′ = s. 
We now consider essentially epsilon-strongly graded rings.
Lemma 5.9. Let S =
⊕
g∈G Sg be essentially epsilon-strongly G-graded where for each g ∈ G,
Eg is a set of local units for the ring SgSg−1. Then for any g ∈ G and any s ∈ Sg there exist
some e ∈ Eg and e
′ ∈ Eg−1 such that es = s = se
′.
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Proof. Take an arbitrary g ∈ G. Since S is symmetrically graded, Sg = SgSg−1Sg =
(SgSg−1)Sg. Hence, for any s ∈ Sg, we can write s = rs
′ for some r ∈ SgSg−1 and s
′ ∈ Sg.
But since Eg is a set of local units of SgSg−1 there exists some e ∈ Eg such that er = r = re.
This implies that,
es = e(rs′) = (er)s′ = rs′ = s.
The existence of e′ ∈ Eg−1 is proved similarly. 
Let N be a normal subgroup of G and let S =
⊕
g∈G Sg be an essentially epsilon-strongly
G-graded ring. By assumption SgSg−1 has set of local units Eg for each g ∈ G. We shall
show that taking joins of these elements will be enough to construct local units for the rings
SCSC−1 . For a family of sets {Ei}i∈I we let
∨
i∈I Ei denote the set of finite joins of elements
in
⋃
i∈I Ei. Note that
∨
i∈I Ei is the ∨-closure of
⋃
i∈I Ei.
Proposition 5.10. Consider a fixed class C ∈ G/N . Assume that for any g, h ∈ C and any
e ∈ Eg, f ∈ Eh we have that e ∨ f exists. Then, EC =
∨
g∈C Eg is a set of local units for
SCSC−1.
Proof. Let z ∈ SCSC−1 . We shall construct an element e ∈ EC (depending on C and z)
such that ez = ze = z. Note that z =
∑
i xiyi where the sum is finite and xi ∈ SC and
yi ∈ SC−1 for each i. Next, consider a fixed i. Then, xi decomposes uniquely as a finite sum
xi =
∑
sg where sg ∈ Sg. Let Supp(xi) := {g ∈ G | sg 6= 0} and note that Supp(xi) is a finite
subset of C. Similarly, yi decomposes uniquely as a finite sum yi =
∑
th where th ∈ Sh. Let
Supp(yi) := {h ∈ G | th 6= 0} and note that Supp(yi) is a finite subset of C
−1. Hence, the
sets,
A =
⋃
i
Supp(xi), B =
⋃
i
Supp(yi), (6)
are both finite. By substituting the expressions for xi and yi in the definition of z we see
that z is a finite sum of elements sgth with g ∈ A, h ∈ B, sg ∈ Sg and th ∈ Sh.
Take g ∈ A,h ∈ B and corresponding elements sg ∈ Sg, th ∈ Sh. By Lemma 5.9, there are
ǫg(sg) ∈ Eg ⊆ EC and ǫ
′
h(th) ∈ Eh−1 ⊆ EC such that ǫg(sg)sg = sg and thǫ
′
h(th) = th. From
Lemma 5.1 it follows that,
sgth = (ǫg(sg) ∨ ǫ
′
h(th))sgth = sgth(ǫg(sg) ∨ ǫ
′
h(th)).
Now, let
e =
∨
g∈A
ǫg(sg) ∨
∨
h∈B
ǫ′h(th). (7)
Since the sets in (6) are finite, the upper bounds on the right hand side of (7) exist by
our assumptions. Furthermore, e ∈ EC by construction. Moreover, by (7) and noting that
ǫg(sg) ∨ ǫ
′
h(th) ≤ e for all g ∈ A,h ∈ B,
ez = e
∑
sgth =
∑
(esgth) =
∑
sgth = z.
Similarly, ze = z. Hence, EC is a set of local units for SCSC−1 . 
We can now finish the essentially epsilon-strongly graded case, with the following conclu-
sion.
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Corollary 5.11. Let N be a normal subgroup of G and let S =
⊕
g∈G Sg be essentially
epsilon-strongly G-graded where for each g ∈ G, Eg is a set of local units for SgSg−1 . For
every class C ∈ G/N , assume that for any g, h ∈ C and any e ∈ Eg, f ∈ Eh the join e ∨ f
exists. Then, the induced G/N -grading is essentially epsilon-strong.
Proof. By Proposition 5.5 the induced G/N -grading is symmetric. Furthermore, by Proposi-
tion 5.10, it follows that for each C ∈ G/N , the ring SCSC−1 has a set of local units. Hence,
the induced G/N -grading is essentially epsilon-strong. 
We now consider the virtually epsilon-strongly graded case. It turns out that we will
need some further assumptions in order to prove that the induced quotient group grading is
virtually epsilon-strong.
Lemma 5.12. Let S =
⊕
g∈G Sg be virtually epsilon-strongly G-graded where for each g ∈ G,
Mg is a set of pairwise orthogonal, commuting idempotents such that Eg =
∨
Mg is a set of
local units for SgSg−1. Then, for any g ∈ G and s ∈ Sg there exist m1,m2, . . . ,mi ∈Mg and
m′1,m
′
2, . . . ,m
′
j ∈Mg−1 such that,
(m1 ∨m2 ∨ · · · ∨mi)s = s,
and,
s(m′1 ∨m
′
2 ∨ · · · ∨m
′
j) = s.
Proof. Follows from Lemma 5.9 and the fact that Eg =
∨
Mg is a set of local units for
SgSg−1 . 
Proposition 5.13. Let N be a normal subgroup of G and let S =
⊕
g∈G Sg be virtually
epsilon-strongly G-graded where for each g ∈ G, Mg is a set of commuting orthogonal idem-
potents such that Eg =
∨
Mg is a set of local units for SgSg−1 . For each class C ∈ G/N , let
AC :=
∨
g∈C Mg and assume that the following statements hold:
(a) For any g, h ∈ C and e ∈Mg, f ∈Mh we have that ef = fe;
(b) The maximal elements of (AC ,≤) are pairwise orthogonal idempotents;
(c) Every chain in the poset (AC ,≤) is finite.
Then, the induced G/N -grading is virtually epsilon-strong.
Proof. Consider the induced G/N -grading and take an arbitrary C ∈ G/N . To establish
the proposition we need to show that SCSC−1 is a ring with enough idempotents. Put,
AC =
∨
g∈C Mg and note that ef = fe ∈ AC for any e, f ∈ AC . In other words, AC is a set of
commuting idempotents that is closed with regards to the join operator ∨. We want to choose
the maximal elements from AC with respect to the idempotent ordering. More precisely, let,
DC = {e ∈ AC | e is maximal in (AC ,≤)}.
By assumptions (a) and (b) we get that DC is a set of pairwise orthogonal, commuting
idempotents. Furthermore, we claim that that
∨
DC is a set of local units for SCSC−1 . To
this end, we define a function µ : AC → DC by sending m ∈ AC to an element µ(m) ∈ DC
such that m ≤ µ(m). Note that this is well-defined because of (c).
Now, let z ∈ SCSC−1 be a general element. We shall construct an element e ∈
∨
DC such
that ez = z = ze. Note that z =
∑
i xiyi where the sum is finite and xi ∈ SC and yi ∈ SC−1
for each i. Next, if we consider a fixed i, xi decomposes as a finite sum xi =
∑
sg where
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0 6= sg ∈ Sg for a finite number of elements g ∈ C. Similarly, yi =
∑
th where 0 6= th ∈ Sh
for a finite number of elements h ∈ C−1. More precisely, the sets,
A =
⋃
i
Supp(xi), B =
⋃
i
Supp(yi),
are both finite. By substituting the expressions for xi and yi in the definition of z we see that
z is a finite sum of elements sgth with g ∈ A, h ∈ B, sg ∈ Sg and th ∈ Sh.
Take g ∈ A,h ∈ B and let agbh be any element such that ag ∈ Sg, bh ∈ Sh. By Lemma
5.9 there exist m1,m2, . . . ,mi ∈ Mg ⊆ AC and m
′
1,m
′
2, . . . ,m
′
j ∈ Mh−1 ⊆ AC such that,
(m1 ∨m2 ∨ · · · ∨mi)ag = ag and bh(m
′
1 ∨m
′
2 ∨ · · · ∨m
′
j) = bh. Hence,
(m1∨m2∨ · · · ∨mi∨m
′
1∨m
′
2∨ · · · ∨m
′
j)agbh = agbh(m1∨m2∨ · · · ∨mi∨m
′
1∨m
′
2∨ · · · ∨m
′
j).
Let fg = µ(m1) ∨ µ(m2) ∨ · · · ∨ µ(mi) and f
′
h = µ(m
′
1) ∨ µ(m
′
2) ∨ · · · ∨ µ(m
′
j). Note that
fg ∨ f
′
h ∈
∨
DC and m ≤ µ(m) for any m ∈ AC . Hence,
agbh = (fg ∨ f
′
h)agbh = agbh(fg ∨ f
′
h). (8)
Let e =
∨
g∈A fg ∨
∨
h∈B f
′
h. Then, by (8) we get that z = ez = ze. 
As a side note, we notice that the assumptions (a), (b) and (c) in Proposition 5.13 are in
fact satisfied in the special case of Leavitt path algebras. By studying the proof of Proposition
4.3 it can be seen that any element of Eg, for any g ∈ G, is of the form
∑
i αiα
∗
i for some paths
αi. It is straightforward to use (4) to show that any two elements of this form commute, hence
(a) is satisfied. For any subset A ⊆ G consider the maximal elements M of the set
∨
g∈AMg
with respect to the idempotent ordering. Again by using (4), we see that M is the minimal
elements with regards to the initial subpath ordering, i.e. αα∗ ≤ ββ∗ if and only if α is an
initial subpath of β. Hence, for any αα∗, ββ∗ ∈M such that α 6= β, we have (αα∗)(ββ∗) = 0
by (4). Moreover, any given path α only has finitely many initial subpaths, i.e. any chain in
the idempotent ordering containing αα∗ is finite. Thus (b) and (c) are satisfied in the case
of Leavitt path algebras. Hence, as a corollary to Proposition 5.13 and Proposition 4.3, we
obtain the following.
Corollary 5.14. Let G be an arbitrary group, let R be a unital ring and let E be a directed
graph. Consider the Leavitt path algebra LR(E) equipped with any standard G-grading. For
every normal subgroup N of G, the induced G/N -grading is virtually epsilon-strong.
We now return to the main track and apply our investigation to the induced quotient group
gradings of epsilon-strongly graded rings. The following theorem is one of our main results:
Theorem 5.15. Let G be an arbitrary group and let S =
⊕
g∈G Sg be an epsilon-strongly
G-graded ring. Consider the induced G/N -grading of S. The following assertions hold:
(a) For each class C ∈ G/N , the set EC =
∨
{ǫg | g ∈ C} is a set of local units for the ring
SCSC−1. In particular, the induced G/N -grading of S is essentially epsilon-strong;
(b) Suppose that for each class C ∈ G/N , (i) the poset (EC ,≤) contains no infinite chain
and (ii) the maximal elements of (EC ,≤) are pairwise orthogonal. Then, the induced
G/N -grading of S is virtually epsilon-strong.
Proof. (a): Take an arbitrary g ∈ G. Since SgSg−1 is a unital ring with multiplicative identity
element ǫg, it is a ring with a set of local units Eg = {ǫg}. Furthermore, ǫg ∈ Z(Se) (see [16,
Prop. 5]). This means that ǫgǫh = ǫhǫg for every g, h ∈ G. Hence, ǫg ∨ ǫh exists for every
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g, h ∈ G. Thus, by Proposition 5.10, for each C ∈ G/N , the ring SCSC−1 has a set of local
units,
EC =
∨
g∈C
Eg =
∨
{ǫg | g ∈ C}.
(b): Note that S is virtually epsilon-strongly G-graded by lettingMg = {ǫg} for each g ∈ G.
Condition (a) in Proposition 5.13 is satisfied since the ǫg’s are central idempotents. Moreover,
condition (b) and (c) are in this special case equivalent to (EC ,≤) having no infinite chains
and (EC ,≤) having pairwise orthogonal maximal elements for each C ∈ G/N . 
Remark 5.16. We make no claim about the necessity of the conditions in Theorem 5.15(b).
Is it true that any induced quotient group grading of an arbitrary epsilon-strongly graded
ring is virtually epsilon-strong? The author has not been able to find any example where the
induced quotient grading is essentially epsilon-strong but not virtually epsilon-strong. The
difference between ‘virtual’ and ‘essential’ seems subtle.
Finally, we establish our main result:
Proof of Theorem 1.2. By Definition 3.3, the induced G/N -grading is epsilon-strong if and
only if (i) the induced G/N -grading is symmetric, and (ii) SCSC−1 is unital for each C ∈ G/N .
By Proposition 5.5, (i) holds. Moreover, by Proposition 5.2, (ii) holds if and only if EC has
an upper bound in E(SN ) for each C ∈ G/N . 
6. Epsilon-finite gradings
In this section, we introduce a subclass of epsilon-strong G-gradings with the special prop-
erty that any induced G/N -grading is epsilon-strong.
Definition 6.1. Let G be an arbitrary group and let S be an epsilon-strongly G-graded ring.
Put F =
∨
{ǫg | g ∈ G}. We call the G-grading epsilon-finite if F is a finite set. In that case,
we say that S is epsilon-finitely G-graded.
Remark 6.2. We make some remarks regarding Definition 6.1.
(a) Note that the set {ǫg | g ∈ G} is finite if and only if
∨
{ǫg | g ∈ G} is finite.
(b) A unital strongly G-graded ring S =
⊕
g∈G Sg is epsilon-finite since ǫg = 1S for every
g ∈ G (see [16, Prop. 8]).
(c) An epsilon-strongly G-graded ring S with finite support, i.e. |Supp(S)| <∞, is necessarily
epsilon-finite. However, the converse does not hold in general. Consider e.g. the complex
group ring C[Z], which is epsilon-finite but not finitely supported.
Proposition 6.3. Let S be an epsilon-finitely G-graded ring. For any normal subgroup N of
G, the induced G/N -grading is epsilon-finite.
Proof. We begin by showing that the induced G/N -grading is epsilon-strong. By Theorem
5.15(a), the induced G/N -grading is essentially epsilon-strong and it holds for every C ∈ G/N
that EC =
∨
{ǫg | g ∈ C} is a set of local units for SCSC−1 . To prove that the induced G/N -
grading is epsilon-strong, we need to show that SCSC−1 is unital for each class C ∈ G/N .
Fix an arbitrary class C ∈ G/N . Then, EC =
∨
{ǫg | g ∈ C} ⊆
∨
{ǫg | g ∈ G}, where the
latter set is finite by assumption. Hence, EC is finite and by Corollary 5.4, EC has a greatest
element ǫC which is the multiplicative identity element of SCSC−1 by Proposition 5.2. Thus,
the induced G/N -grading is epsilon-strong.
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Let C ∈ G/N again be an arbitrary class. Note that ǫC =
∨
g∈C ǫg =
∨
i∈IC
ǫi for some
finite set IC ⊆ C which completely determines ǫC . But, {ǫi | i ∈
⋃
C∈G/N IC} ⊆ {ǫg | g ∈ G}
is a finite set. Thus, {ǫC | C ∈ G/N} is finite. 
Remark 6.4. At this point we make two remarks.
(a) By Proposition 6.3, the functor UG/N restricts to the category of epsilon-finitely G-graded
rings.
(b) In the next section, we we will give an example of an epsilon-strongly G-graded ring
(S, {Sg}g∈G) ∈ ob(G-ǫSTRG) which is not epsilon-finite but for which there is a nor-
mal subgroup N of G such that (S, {SC}C∈G/N ) ∈ ob(G/N -STRG) (Example 7.4). In
particularly, note that (S, {SC}C∈G/N ) is epsilon-finite by Remark 6.2(b).
We continue by proving that having a noetherian principal component is a sufficient con-
dition for a grading to be epsilon-finite. Recall (see e.g. [11, Ch. 7.22]) that a ring R is
called block decomposable if 1 ∈ R decomposes into 1 = c1 + c2 + · · ·+ cr where ci are central
primitive idempotents. If this holds then any central idempotent can be expressed as a finite
sum c =
∑
i ci where the sum is taken over all i such that cci 6= 0. In particular, this implies
that the set of central idempotents is finite.
Theorem 6.5. Let S be an epsilon-strongly G-graded ring. The following assertions hold:
(a) If Se is block decomposable, then S is epsilon-finitely G-graded;
(b) If Se is left or right noetherian, then S is epsilon-finitely G-graded.
Hence, in particular, if Se is left or right noetherian and N is any normal subgroup of G,
then the induced G/N -grading of S is epsilon-strong.
Proof. (a): Note that ǫg is a central idempotent of R (see [16, Prop. 5]). This implies that∨
{ǫg | g ∈ G} is a subset of the set of central idempotents of R. But since R is assumed to
be block decomposable, there are only finitely many central idempotents in R. Hence, the
G-grading is epsilon-finite.
(b): By [11, Prop. 22.2], one-sided noetherianity is a sufficient condition for R to be block
decomposable. 
7. Examples
The class of unital partial skew group rings is an important type of rings with a natural
epsilon-strong group grading. In this section, we will consider two concrete examples of unital
partial skew group rings. Throughout, let G be an arbitrary group with neutral element e
and let R be an arbitrary ring equipped with a multiplicative identity element.
Partial actions of groups were first introduced in the study of C∗-algebras by Exel [8]. A
later development by Dokuchaev and Exel [7] was to consider partial actions on a ring in a
purely algebraic context. Given a partial action on a ring R, they constructed the partial
skew group ring of the partial action, generalizing the classical skew group ring of an action
on a ring. The partial skew group ring of a general partial action is not necessarily associative
(cf. [7, Expl. 3.5]). However, the subclass of unital partial actions (see Definition 7.1) give
rise to associative partial skew group rings. In fact, it is enough to assume that the partial
action is idempotent (see [7, Cor. 3.2]).
Definition 7.1. A unital partial action of G on R is a collection of unital ideals {Dg}g∈G
and ring isomorphisms αg : Dg−1 → Dg such that,
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(1) De = R and αe = idR.
(2) αg(Dg−1Dh) = DgDgh for all g, h ∈ G.
(3) For all x ∈ Dh−1D(gh)−1 , αg(αh(x)) = αgh(x).
We let 1g denote the multiplicative identity element of the ideal Dg. Note that the 1g’s are
central idempotents in R.
Recall (cf. e.g. [12, Sect. 5]) that a unital partial action α of a group G on a ring R gives
us a unital, associative algebra called the unital partial skew group ring R⋆αG =
⊕
g∈GDgδg,
where the δg’s are formal symbols. The multiplication is defined by linearly extending the
relations,
(agδg)(bhδh) = agαg(bh1g−1)δgh,
for g, h ∈ G and ag ∈ Dg, bh ∈ Dg. The relations in Definition 7.1 essentially tell us that this
multiplication is well-defined. Moreover, R ⋆α G is epsilon-strongly G-graded with ǫg = 1gδ0
(see [16, pg. 2]).
Next, we will give an example of a unital partial action such that the unital partial skew
group ring has a quotient grading which is not epsilon-strong.
Example 7.2. Let R := Fun(Z → Q) =
∏
ZQ be the algebra of bi-infinite sequences with
component-wise addition and multiplication. Define a partial action of (Z,+, 0) on R in the
following way. Let D0 = R and Di = eiR, i 6= 0 where ei is the Kronecker delta sequence.
More precisely, ei(j) = δi,j for all i, j ∈ Z. Moreover, define αi : D−i → Di by,
f 7→ (i 7→ f(−i)).
Note that DgDh = (0) if g, h 6= 0 and g 6= h. Moreover, DgD0 = D0Dg = Dg for all g ∈ G.
This means, condition (2) in Definition 7.1 is satisfied for the case g 6= 0, h 6= −g. But on the
other hand if g 6= 0, h = −g then the condition reads αg(D−gD−g) = DgD0 which holds since
αg is an isomorphism. The case g = 0 is also clear. Hence, condition (2) holds. Next consider
condition (3). If h 6= 0, g 6= −h, then D−hD−g−h = (0) hence the condition is trivially
satisfied. On the other hand, if h 6= 0, g = −h, then the condition reads α−h(αh(x)) = α0(x)
for all x ∈ D−hD0 = D−h, which also holds for our definition of α. Finally, if h = 0, then
condition (3) just reads αg(x) = αg(x) for all x ∈ D−g since α0 = id by definition. This
proves that α is a unital partial action.
Consider the partial skew group ringR⋆αZwith the canonical gradingR ⋆α Z =
⊕
n∈ZDnδn.
This grading is epsilon-strong with ǫi = eiδ0 (see [16, pg. 1]). In particular, note that the set
{ǫi | i ∈ Z} is infinite and contains infinitely many orthogonal central idempotents.
Next, note that the induced Z/2Z-grading on R ⋆α Z has components,
S0 =
⊕
n∈Z
D2nδ2n, S1 =
⊕
n∈Z
D2n+1δ2n+1.
We will show that S1S1 does not admit a multiplicative identity element, which implies that
the induced Z/2Z-grading is not epsilon-strong.
Now, by Theorem 5.15(a),
E =
∨
{ǫ2n+1 | n ∈ Z},
is a set of local units for S1S1. By Proposition 5.2, S1S1 is unital if and only if E has an
upper bound in E(S1S1) ⊆ S1S1. A moments thought gives that, if such an element exists,
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it must be dδ0 where d ∈ R, d(2n+1) = 1 and d(2n) = 0 for all n ∈ Z. To conclude we prove
that dδ0 6∈ S1S1. Note that any element xδ0 ∈ S1S1 is a finite sum of elements of the form,
(aδ2n+1)(bδ−2n−1) = α2n+1(α−2n−1(a)b)δ0 = aib
′
iδ0,
where ab′ ∈ R is a function satisfying Supp(ab′) = {2n+1}. This implies that, Supp(x) <∞
for any element of the form xδ0 ∈ S1S1. On the other hand, Supp(d) =∞. Hence, dδ0 6∈ S1S1.
Thus, the induced Z/2Z-grading is not epsilon-strong.
Remark 7.3. Note that Example 7.2 shows that the functor UG/N does not restrict to the
category G-ǫSTRG (see Question 2.2). Also note that the induced quotient group grading in
Example 7.2 is an example of a grading that is essentially epsilon-strong (in fact, virtually
epsilon-strong) but not epsilon-strong (cf. Theorem 5.15).
The next example shows that being epsilon-finite is not a necessary condition for the
induced quotient group grading to be epsilon-finite (cf. Remark 6.4(b)).
Example 7.4. Let the group (Z,+, 0) act (globally) on R = Fun(Z→ Q) by bilateral shifting.
That is, 1 acts by mapping,
. . . a−3 a−2 a−1 a0 a1 a2 a3 . . .
to
. . . a−4 a−3 a−2 a−1 a0 a1 a2 . . . ,
and −1 similarly shifts the sequence one step in the other direction.
Let β : Z→ Aut(R) be the group homomorphism corresponding to this action. By restrict-
ing the (global) action to an ideal of R we get a partial action (see e.g. [7, Section 4]). More
precisely, let A := {f ∈ R | f(0) = 0}. Then A is a unital ideal of R. Moreover, the natural
partial action {αn}n∈Z is defined on the ideals,
Dn := A ∩ βn(A) = {f ∈ R | f(0) = f(n) = 0},
for n ∈ Z. For example α2 : D−2 → D2 maps,
. . . a−3 0 a−1 0 a1 a2 a3 . . .
to
. . . a−5 a−4 a−3 0 a−1 0 a1 . . .
Consider the partial skew group ring A ⋆α Z =
⊕
n∈ZDnδn. For n ∈ Z, the multiplicative
identity element of Dn is given by,
1n(i) =


0 i = 0
0 i = n
1 otherwise
for all i, j ∈ Z. Note that the set {ǫn | n ∈ Z} = {1nδ0 | n ∈ Z} is infinite but the epsilons
are not orthogonal!
Next, consider the induced Z/2Z-grading of A ⋆α Z = S0 ⊕ S1 where S0 =
⊕
n∈ZD2nδ2n
and S1 =
⊕
n∈ZD2n+1δ2n+1. Note that S0 is a subring of A ⋆α Z with multiplicative identity
10δ0. We will show that 10δ0 ∈ S1S1, proving that the induced grading is strong (see e.g. [13,
Prop. 1.1.1]). Indeed, let γ(i) = 0 for i 6= −1 and γ(−1) = 1. Then,
(γδ−3)(13δ3) + (1−1δ−1)(11δ1) = γδ0 + 1−1δ0 = 10δ0.
Thus, the induced Z/2Z-grading is strong.
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8. Induced quotient group gradings and epsilon-crossed products
The class of epsilon-crossed product is defined analogously to the classical algebraic crossed
product (see [16, Def. 32]). Moreover, the category of epsilon-crossed products is denoted
by G-ǫCROSS (see Section 2.2). On the other hand, recall (see [16, pg. 1]) the notion of a
unital partial crossed product. This construction is a priori unrelated to the epsilon-crossed
product and generalizes the classical algebraic crossed product by a twisted action. The
full definition is rather technical. However, for our purposes it suffices to note that a unital
partial skew group (see Definition 7.1) is a special type of unital partial crossed product. The
relationship between epsilon-crossed products and unital partial crossed products is described
in the following theorem by Nystedt, O¨inert and Pinedo:
Theorem 8.1. ([16, Thm. 33]) If (S, {Sg}g∈G) ∈ ob(G-ǫCROSS), then S can be presented
as a unital partial crossed product by a unital twisted partial action of G on Se. Conversely,
if S =
⊕
g∈GDgδg is a unital partial crossed product, then (S, {Dgδg}g∈G) ∈ ob(G-ǫCROSS).
With this characterization in mind, we will now consider Question 2.3. Unfortunately, it
does not hold in general that the induced G/N -grading of an epsilon-crossed product gives
an epsilon-crossed product. The following example shows that the functor UG/N does not
restrict to G-ǫCROSS.
Example 8.2. Consider the unital partial skew group ring (R⋆αZ, {Diδi}i∈Z) given in Exam-
ple 7.2. Note that (R⋆αZ, {Diδi}g∈Z) is an epsilon-crossed product by Theorem 8.1. However,
by Example 7.2, the induced Z/2Z-grading UZ/2Z((R ⋆α Z, {Diδi}i∈Z)) 6∈ ob(Z/2Z-ǫSTRG).
Thus, in particular, UZ/2Z((R ⋆α Z, {Diδi}i∈Z)) 6∈ ob(Z/2Z-ǫCROSS).
The following proposition will allow us to find examples where the condition in Question
2.3 is true.
Proposition 8.3. Let G be an arbitrary group, let R be a unital ring and let {αg}g∈G be a
unital partial action on R where 1g denotes the multiplicative identity element of the ideal
Dg. Assume that,
(a) DgDh = (0) for all g, h ∈ G such that g 6= h and g, h 6= e,
(b) the set {1g | g ∈ G} is finite.
Let N be any normal subgroup of G. Then the induced G/N -grading of R ⋆α G gives an
epsilon-crossed product. In other words, UG/N ((R ⋆α G, {Dgδg}g∈G)) ∈ ob(G/N -ǫCROSS).
Proof. We first show that the G/N -grading of R ⋆α G is epsilon-strong. Write R ⋆α G =⊕
C∈G/N SC and take a class C ∈ G/N . By Theorem 5.15, we need to show that EC =∨
{1gδ0 | g ∈ C} has an upper bound. Note that assumption (a) implies that 1g1h = 0 for
g 6= h 6= e. Hence, by (b) and Proposition 5.2,
ǫC =
∨
g∈C
1gδ0 = 1g1δ0 + 1g2δ0 + . . . 1gnδ0,
for some choice of representatives gi ∈ C for 1 ≤ i ≤ n satisfying,
{1gi | 1 ≤ i ≤ n} = {1g | g ∈ C}.
Hence, SCSC−1 is unital. Since C ∈ G/N was chosen arbitrarily, it follows that the induced
G/N -grading of R ⋆α G is epsilon-strong.
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Next, we show that for each C ∈ G/N there is an epsilon-invertible element in SC . For
g, h ∈ G and x ∈ Dg, y ∈ Dh, we have that (xδg)(yδh) = αg(αg−1(x)y)δgh = 0 if h 6= g
−1 since
Dg−1Dh = (0) by assumption. Moreover, it is easy to check that 1giδ0 = (1giδgi)(1g−1i
δg−1i
)
for 1 ≤ i ≤ n. Let s = (1g1δg1 + · · ·+1gnδgn) ∈ SC and t = (1g−1
1
δg−1
1
+ · · ·+1g−1n δg−1n ) ∈ SC−1 .
Then,
st =
∑
1≤i,j≤n
(1giδgi)(1g−1j
δg−1j
) =
∑
1≤i≤n
(1giδgi)(1g−1i
δg−1i
) =
∑
1≤i≤n
1giδ0 = ǫC .
Thus, (R ⋆α G, {SC}C∈G/N ) = UG/N ((R ⋆α G, {Dgδg}g∈G)) is an epsilon-crossed product. 
It is not clear to the author if the conditions in Proposition 8.3 are necessary. The following
is an explicit example where the induced quotient group grading gives an epsilon-crossed
product. In other words, an example of a unital partial skew group ring (which is an epsilon-
crossed product by Theorem 8.1) such that the condition in Question 2.3 is true.
Example 8.4. Let R = Q × Q × Q × Q and let G be the cyclic group of order 4. Then G
acts on R by shifting. Let ei denote the Kronecker sequence, i.e. ei(j) = δi,j for all integers
i, j. Consider the unital ideal A = e1R + e2R and the induced partial action on A. We get
that D0 = A,D1 = e2Q,D2 = 0,D3 = e1Q. Now, consider the unital partial skew group ring
A ⋆α G = D0δ0 ⊕D1δ1 ⊕D2δ2 ⊕D3δ3.
Let N be the cyclic group of order 2. By Proposition 8.3, the induced G/N -grading gives
an epsilon-crossed product. That is, UG/N ((R ⋆α G, {Dgδg}g∈G)) ∈ ob(G/N -ǫCROSS). Note
that,
S[0] = D0δ0 ⊕D2δ2 = D0δ0, S[1] = D1δ1 ⊕D3δ3.
Furthermore,
ǫ[1] = (1, 1)δ0 = ((0, 1)δ1 + (1, 0)δ3)((0, 1)δ1 + (1, 0)δ3),
where (0, 1)δ1 + (1, 0)δ3 ∈ S[1] is an epsilon-invertible element.
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